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The Probability of One Spouse Outliving the
Other by Sex and Age

The Problem

THE probability measure of the event that one of the spouses will survive a
given interval of time while the other will not, depends (a) on their ages at
the beginning of the interval as well as (b) on the associated probabilities of

surviving and dying in the interval by the respective spouses. The problem is
a particular case of the more general example dealing with multiple decrement
tables (Jordan, 1967). However, this specia case has not received much atten-
tion since Depoid (1938) studied the probabilities of a marriage being termina-
ted by the death of the husband or of the wife after a given number of years of
marriage. He also mentioned about the eventual probabilities of becoming a
widow or a widower.

It may be mentioned that the eventual probability of becoming awidow or a
widower can indeed be regarded as an asymptote that is reached as the interval
over which such a probability is calculated, isgradually enlarged. In this paper,
however, an attempt has been made to directly derive the eventual probabilities
of any one of the spouses outliving the other for specific age combinations, that
apply either at the time of marriage or at any time thereafter. Needless to say,
the dissolution of marriage through separation or divorce is not relevant for the
problem defined in this manner.

Derivation of the Probability Function
For reasons of operational simplicity in the derivation of these results, the
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survivorship probabilities of the two sexes are regarded as independent of one
another, These probabilities are usvally obtained from the respective life tables
50 that mortality differentials by maritat statuses, if any, are also ignored Unde;
?hese conditions, the probability that both of the spouses will survive.a iven
interval of time can be oblained as the product of the survivorship robabigllities
iol:'t:l:eat]wo ;cxes corresponding to their respective ages and the l::agth of the
e ;e ;asﬂzeog:a(}z:zhues of one or both of them dying in that interval can
. ;&el:xmg the restrlctiofl of a .speciﬁc interval of time, let the probability that
us land @ years old will outlive his wife aged b, be denoted by P (g, ). Dis.
regarding the possibility of their dying at the same instant of time th:: cc:rn !
mentary probability, namely ’ "

Qb)) =1-Pb) {l)
PWYNW the PI‘Obability measure of the same wife's outliving her husband. The
probability of their jointly surviving a period of x years can be expressed a3

Clatxbtx)= ’“("ﬁ;(iiiiii)*’" ' @

in which 1 (@ + %) and [, (b + x) are the male and the female probabilities of
gurvival from birth to ages a + % and b + x respectively which coincides with
the end of the time interval while I (¢) and [, (b} are the corresponding probabi-

ities at the beginning of the interval.
Next, the probability that the female spouse will die at age b -+ x, leaving

her male partner a widower, can be written as

C(a+x,b+x]#;(b+x)dx (3)

in wh:cl\ Uy ”J -l- J.'] 18 the force of mortality at age b + x for the females,

that is,

b b+ D= — —j; b+ Db+ D @)

Therefore, the eventual probability of the male’s outliving the female spouse

can be obtained from

«(a, b

P(a, b = (‘} )C(a+x}p;(b+x)dx, 5}
0
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where « (a, b), the upper limit of the integral, depends on the values of a, b as
~well as on the life spans of the two sexes. For all practical purposes, however,
- the values of u (@, b) may be left unspecified.

Because of (2), £ (@, b) can be alternatively expressed as

aig b
| e+ 0L+ x) 80+ x)de

— 0 6
P@b = @B ©

and the complementary probability as

 (a, b)
't‘; @+ LG+ Dpa(d+ x)dx
e h= @ ® o

Tt-is easy to see that (6) and (7) satisfy (1) as they should. This is because

- j—x[fm(a+x)ff(b+x)]=fm(a+x)1,(b + 2) [um (@ + X) + o, (b + x)]
(8)

and thus the sum of the integrals in the numerators of (6) and (7) simplifies to
I (@) 1; (B), their common denominator.
Another expression for P {a, b) may be derived by noting the equality

_ Fla, b) -
Pla. ) = Pa, b) + e, by ®
50 that, a combination of (6} and (7) results in the expression
af{a, b)
{} Infa 4+ x) (& + x) pd + x) dx
P(al b) = Ck(a, b) . (10)
J Inla + x) b + x) [m(a + x) 4+ wdd + x)]dx

0

Approximate Algebraic Solution of P(, &)

What follows next is the description of a method suggested for the reduction
of the ratio of the integrals in (10). First, it is acknowledged that, in general,
the force of mortality can be regarded as a reasonably smooth and a monotoni-
cally increasing function of age in the age interval that excludes the childhood
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years. Also known is the fact that in such an interval, the function can very
well be approximated by the Gompertz_ curve, namely,

F(x) = BC=, | (11)

i The hmltatmns of the model found for the most part in the old ages, are. knqwn
to be true primarily with respect to mortality experiences observed during an
-interval of time, rather than those that are applicable to generation mortality
(Spiegelman, 1969). Consequently, the model can be expected to provide a
fair approximation of the mortality experiences, espec1a1]y in those countrigs,

. where the patterns of mortality exhibit little or only minor changes over time,
It is also known that the force of mortal:ty is not affected much by varlatlons
.in C at the younger ages, and therefore it is generally approximated by an ave-
_rage of its values observed at higher ages, Table 1 shows the values of C for

TABLE [—ESTIMATED VALUES OF C OF THE GOMPERTZ MODEL u(x) = BCe
' FOR U.S. BY SEX FOR THE YEAR 1973 BEGINNING ‘AGE 30

Age 3 35 40 45 50 . 55 €0 65 70 75

C(male) 106 108 1100 1.09 110 109 1.08 108 109 107
C (fernale) 1.09  1.09 109 1.63 109 108 108 - L1t LIl 109

.t

"SOURCE : * 1973 U, §. Life Tables,
- the two sexes, . obtained from successive five year age intervals (1 = 5) beginning
from age 30, for the 1973 U. 8. Life Tables (Vital Statistics of the U.S: 1973,
DHEW), as

R A T T
o O - wrono+m @
Lol + x)dx .

"+ Interestingly enough, the parameter C shows only minor variations by age
and sex., This is quite logical in the sense that, under normal conditions, the
patterns of mortality of the two sexes cannot be unrelated with one another.
For all practical purposes therefore, C can be assumed as constant for the two
sexes. In that event, it is pos'ﬂble to write

Hu{a -+ x) = K(a, b) ps (b -+ x) (13)
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where
K(a, b} = {Bn/By) € (14

in whick B,, and B, are the values of the parameter B in (11) for the males and
the females respectively. Substituting {13) in (10) and.#implifying, the equation

_ 1 1
P(ﬂp b) - 1 ",I" K(a; szrg l + (Bml-Bf) C‘_b (ls)

is obtained. It is of considerable interest to note from (15) that, in a given
population, the probability of losing a spouse depends primarily on the age
difference of the two spouses, but not on their specific ages. From a mathe-
matical point of view, this surBrising finding follows from the reasonable assump-
tion of the Gompertz law of mortality with an additional (but reasonable none-
theless) restriction that for any age the forces of mortality for the two sexes
remain proportional to one another. It is easy to see that minor deviations
from these assumptions will not drastically affect the aforementioned resuits.

Also of interest to note is that the conclusions drawn about the behavior of
the eventual probability measures apply also to the same calculated over a
shorter time interval. In other words, the probability, say, P: {2, b), that the
wife will be the first to die within the next ¢ years, conditional to at least one
of them dying in that interval, will be the same as shown in (15). This is so
because changing the upper limits of the integrals in (10) from « (a, 4} to some
1, has no eficct on its value when Gompertz law of mortality is assumed. The
unconditional probabilities (Depoid, 1938), as mentioned earlier, will increase
with ¢ and approach the eventual probability as the limiting value.

Empirical Estimates of K(a, b)

As shown in (15) X(a, b) consists of two factors, namely, Bn/B; and C*-%,in
which the former can be cxpressed as the ratio of the forces of mortality of the
corresponding sexes when both spouses are of the same age. That is to say,

B 24x)
Since, in practice, the ratio will show some variation by age, an estimate of the

same can be ok{ﬂ{ﬂ!d a8

Buw  J palxMx )
B, = T rndx (
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where the limits of the integrals may be set at convenience. From practical
considerations, the lower limit of the integral may be set at age 30 whereas the
upper limit may be determined by the lower boundary, say «, of the last interval
(open ended) of the life tables. In that case (17) can be simplified as

Bu  llhe GO (]

B, =l Ul GOY/14e)] (8
Similarly, the parameter C which can be expressed either as
I-lrm ( + )
" = 19
N s
or as

_wmixt+n 20)

T ow ) @0)

will also show some variation by age and sex. Accordingly, an estimate of C
may be generated from

An e (30 4+ )il (V] (L (30 + m)i, (=) an
Il 30)/ 1, (= — m)) I |1, 30)1, (& — m)]

Cr= =

The values of X (a, 5) for different combinations of ¢ and b can then be
obtained from (14) through appropriate substitutions. These, for the 1973 U.S.
Life Tables {# = 5and « = 85), are shown in Table 2.

TABLE 2-ESTIMATED VALUES OF K(a, b) = (8,/8,) C+» FOR DIFFERENT
VALUES OF HUSBAND WIFE AGE DIFFERENTIALS ¢ — b

la—b]| 0 I 2 3 4 3 6 7 L] 4 10

Kia, b) 171 1.86 202 220 240 261 284 309 336 366 399
anah
K. by 1.1 5T t.44 .32 1.22 102 102 094 087 080 @73
agb

Sovrce: 1973 U.S. Life Tahles,

Solution of P(a, b) by Numerical Method

The integrals appearing in (10) can of course be evaluated by numerical
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methods which, as such, will be free from assumptions about the forces of morta-
lity made carlier. First, it may be noted that from the definition of the force
of mortality given in (4), it is possible to write

Lp+x)yp,(Btx)=—d,(b+x) (22)
8o that the numerator of (10) can be rewritten as

% (o, b}
— (-)' In (@ + x}dl, (b + x). (23)

In general, the derivative of /{x) can be assumed as consiant over a small age
interval and therefore, for such an interval of length # (usually no greater than
5) years

"'fo"f(”“)“ e+ —Le+x+n _ ﬁdf(b“+x) 24)

i

is the average annuai female deaths in the age interval & + x to & + x + n
Therefore, (23) simplifiss into
1

H’m (ﬂ, b) = _?1_ EO alom (ﬂ + i") ndf(b + x) (25)

where

(4 Dn
slm(@t+im)= | Ia(a + x)dx (26)

m

is the size of the stationary population in the age interval a + intoa + (7 4 1)a.
Unfortunately, the ypper limit of ; needed for the evaluation of (25) is not
known as the life table functions are generally not available beyond some age
« (80 or 85). Consequently, assumptions have to be made about the ¢ontribu.
tions of the terms in (25) beyond o. It appears though, that when 2 and b are
both sufficiently smaller than «, P (g, b), which because of (25) and a similar
definition of H, (g, &} reduces to

Ha (4, b)

Peb = g T Ha (zn

afier appropriate substitutions in (9), can be assumed to remain unaffected when
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the H functions are evaluated over the age interval (o, ») for a > b or over
(b, ) whena < b, Although, it is not immediatcly apparent, such an assufip-
tion leads to the mathematical equality

Pla by = P(z,a —a -+ b) (28)
fora >» b, and
Pla,b) =Pla—a-t} b, a) (29)

otherwise. These equalities can be established by first distinguishing the A
functions over the reduced interval as H*, In that case, for a > b, (27) can be
written as

Hula, 8) + Hn (2, a:~a+b)

Pla, b
( ) H:B(a’b)+Hﬁ(ab)+Hm(da a—‘—b)—l—HI(u“—-a_.I_b)

(30

Thus, the assumption of the equality

He. (a, b)
Pla,b) =~ —— . 31
Hm (al b) —[" HJ‘ (a; b)
produces the other equality, namely,

P(a,b) —_ Hm (E,G—Ha+b) (32)

Hyn (d—a—f-b)—l—H,c(at—a'f-b)

which also equals P(a, « — 2 + b) becanse of {27). Similarly, (29) can be esta-
blished for ¢ << 5. From logical considerations, it may be added that (28) and
(29) further imply (but do not mathematically require) that

P(a, b) = Pla + b, b + }) (33

for all &. This is so, because like P {a, b), the probability P(a -+ &, b + &) can
also be estimated from H*(a + A&, b - #) at least for small #, in which case

Plat h, b+ hy=Pla,a —a+b) fora>b. (34)

Because of (32), therefore, the equality proposed in (33) should also hold,
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1t is obvious that if P(a, b) is estimated from (32} for a given age combina-
tion @ and b of the spouses and the same is set equal to P{x, « — a + b), the
substitution of the Jatter in (6), where @ and & are changed respectively toa + ft
and b + h, will generate the estimates of Pl + h, b + ) as

,,,(a—i b0y 1 {)I{e—a+ b)Plr,a—at b)
Platinb+h) = i@ T ARG+ R — @9

Neediess to say, the mathematical cquality of P(a, b) and P(a + 4, b + &}
does not follow from such a procedure, however, as mentioned carlier, the diffe-
rence between these two probabilities should be negligible.

The reader must have noted the ecquivalence of the end results generated by
the present method with those based on the Gompertz law of mertality. Sur-
prising as the results may be, the eventual probability of becoming a widow or a
widower (and similarly the conditional probability over any time interval), seems
to be determined by the ape difierence of the spouses and not by their actual

ages.

Application on U.5. Data and Discussion of Results

. The values of P(a, &) have been calculated from the 1973 ULS, Life Tables, on
the basis of the two methods presented in this paper. These are shown in Table
3, in which the age difference between the two spouses has an arbitrarily chosen
range of —10 to 10 years. Tt may be recalled that the principal parameters of
the Gompertz model were estimated from the age interval (30, 85), from which
K(a, b) values were obtained and shown in Table 2. Substitutions of these values
in (15) provide estimates of P(a, b) which are shown in cols (2-3) of Table 3.
Next, the H*(a, b) functions, required for the method based on numerical inte-
gration, are obtained for those combinations of a and b, such that the

minimum (g, b) = 15. (36)

The choice of age 15 is based on a reasonable minimum of the observed ages of
marriage, and in this way the difference between « and the minimum (e, b) is
maximized in order to strengthen the assumption resuiting in (3I) and (32).
From the same life tables, these H functions are then obtained for « = 83, for
substitutions in (31) to generate the estimates of P(a, b) for different age combi-
nations of the two spouses.

As expected, the values of P(a 1- &, b 1+ h) are found to be virtually invariant
with respect to 4, and instead of reproducing all such values, only the minimum
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TABLE 3—PROBABILITY Pig, b)) OF HUSBAND g YEARS OLD, OUTLIVING THE
WIFE AGED b YEARS, ESTIMATED BY THE METHODS BASED ON (i)
GOMPERTZ LAW OF MORTALITY AND (2) NUMERICAL INTE-

GRATION
ia — bl Pla, b) by Gempertz Oprimum values of Pla. b) by mumertcal fnregmriun.
Law azh asb
a>b a<b Minimam — Muaxitmun Min'mum Maxinnon

W 2 &) @B _®) @
0 37 37 35 .38 A5 A8
1 35 .39 33 .36 6 A0
2 33 41 31 34 A8 Al
3 31 A3 .29 32 A0 A3
4 K 45 27 30 42 45
5 28 AT 26 .28 44 47
6 20 A9 24 26 A6 49
7 25 St 22 24 48 &1
8 23 A3 .21 23 S0 5
9 22 55 20 2 .52 S5
16 21 57 A8 .20 55 57

Sourck : 1973 U. §. Life Tables.

and the maximum values have been shown in cols (4-7) of Table 3 for integral
valuesof | a — b | & 10,

The closeness of the estimates generated by the two different methods are
mutually reinforcing for the validity of the separate assumptions on which
these are based. According to ihe tabled values, the probability of becoming a
widow is at least twice as large as that of becoming a widower when the husband
is two to three years older than the wife. The differential risks of losing a
spouse for this currently normative age diiference is worth noting.  The two pro-
babitities become equal when the husbaad is about seven years younger than the
wife, a figure which is slightly less than the difference between the life expec-
tancies of the two sexes, Tt will be interesting to see how these probability
measures compare with those generated from other life tables,
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